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This is the first of two posts on uniform logarithmic Sobolev inequalities for the planar Coulomb gas at
the diffusive temperature scale. Here, I explain our first, perturbative proof, both because it already
gives a complete uniform result at small inverse temperature and because the places where it stops
isolate the analytic problem that must be solved to reach every fixed inverse temperature.
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2D Coulomb gas at diffusive temperature scale Part I. perturbative proof

1 The problem and a first uniform theorem

For N > 2 and a fixed inverse temperature 3 > 0, consider the canonical Gibbs ensemble Py 5 on the
full labeled configuration space CV ~ (R?)V. Here, “canonical” means that the particle number is fixed.
We write

g(z) == — log|2] (L1)

for the planar logarithmic Coulomb kernel, and define

1 B
dPng(Z) = 7 exp (—2 Z ]z2]2> H |zi — zj]fB/N dZz. (1.2)
N, i=1 1<i<j<N
Equivalently, N
1 1 _
=-> 2% + — > gla - z), Py ox e PN dZ. (1.3)
2 N~
i=1 1<i<j<N

Since g(z) — 400 as z — 0, the interaction is repulsive and the density vanishes at collisions.

The factor 1/N in (1.3) places the system at the diffusive temperature scale. The reversible overdamped
Langevin dynamics is formally

dZ;(t) = ( Z ((t))|2) dt + \/g dB;(t), (1.4)
J#z

and the noise amplitude remains of order one as N — oo. This differs from the usual random-matrix
scaling (see, e.g., [Ser24]), where the Gibbs exponent is of order N2 and the effective noise vanishes with
the particle number.

For a probability measure P, set

Entp(f / f210g< 72 d]P’) dPp. (1.5)

Our convention for the logarithmic Sobolev constant is
Entp, . (f2) < 2/ V2 dPy 5. (1.6)
N,B = png Jov B
The domain in (1.6) requires some care because the density vanishes at collisions. Let
Cn :={Z € C : 2 = 2 for some i # j}, Qy :=CV\ Cy, (1.7)
and, initially for f € C°(Qn), set
Evol)i= [ IVIPdPxs M= [ 10 APy Exca(). (18)
N
We denote the closed form domain by
Dy 1= WH'”MB _ WH'”N,B' (1.9)

The second equality follows from the zero-capacity argument in Section 2. Thus, Dy g is the full closed
weighted Sobolev domain, with no boundary condition imposed at collisions.
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2D Coulomb gas at diffusive temperature scale Part I. perturbative proof

The question is whether, for each fixed 5 > 0, one can find
p«(B) >0 such that png > p(B) for every N > 2. (1.10)

We impose no symmetry or other structural assumption on the observable f.

To identify where particle-number dependence can enter, we first separate the center of mass. In the
present quadratic setting, this separation is exact. Set

N
1 CN
N = —— S 2, zrebi= 7 - —21,...,1). 1.11
Then,
|27 = |en|? + |2, [1Gi—2) =T — 2. (1.12)
1<j 1<j

Thus, Py g factors into a two-dimensional Gaussian proportional to e=Blenl?/2 dey and a Gibbs measure
on the relative hyperplane {}; z; = 0}. The Gaussian factor has Poincaré cost 1/8 and logarithmic
Sobolev rate 3; all of the nontrivial work lies in the relative coordinates.

For each fixed N, a qualitative logarithmic Sobolev inequality follows from the existing Lyapunov theory,
as we explain in Section 2. The difficulty is quantitative: the fixed-dimensional argument gives no reason
for its constant to remain positive while the ambient dimension and the number of collision strata grow
with N.

Set
8
OB = TR 0.4476875828047043 . . .. (1.13)

w2+
The subscript records the integrated Bochner estimate from which this particular number arises.

The main result of this post is the following uniform logarithmic Sobolev inequality at small inverse
temperature.

Theorem 1.1 (Perturbative uniform logarithmic Sobolev inequality). For every 0 < § < (g, there
exists pg > 0, depending on B but not on N, such that

2
2 4 2
Entey ,(f7) < o /CN VI dPy s (1.14)

for every N > 2 and every f € Dy g.

A later refinement of the same perturbative strategy extends Theorem 1.1 to every 0 < 8 < 1. We will
explain that improvement in Section 6. The first proof remains worth presenting because its numerical
threshold is determined by a single inequality needed to close the estimate, while the rest of the argument
already has the form used later.

The strategy of the proof is classical: one proves a uniform Poincaré inequality and, independently, a
defective logarithmic Sobolev inequality, and then removes the defect by Rothaus’s centering argument
[Rot85]. Uniformity comes from the two input estimates, not from the tightening step itself.

Uniform Poincaré inequality Uniform defective LSI

~,

Uniform logarithmic Sobolev inequality

by Rothaus tightening
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2D Coulomb gas at diffusive temperature scale Part I. perturbative proof

2 Relation with existing work

The relevant literature is best understood in terms of proof mechanisms rather than as a linear progression
of increasingly weak hypotheses. The classical dimension-free theory begins with the Gaussian logarithmic
Sobolev inequality, tensorization, hypercontractivity, the Bakry—Emery curvature criterion, and bounded
perturbation; see Gross [Gro75], Holley—Stroock [HS87], and Bakry—Gentil-Ledoux [BGL14]. For broader
treatments of functional inequalities and concentration, see also [ABCT00, Led01]. Weakly coupled
and multiscale Gibbs systems are instead treated by assembling one-site or block inequalities with a
quantitative interaction estimate, as in the Dobrushin—Zegarlinski theory, the Otto—Reznikoff criterion,
and two-scale decompositions [GZ03, OR07, GOVWO09].

For regular mean-field particle systems, recent proofs use flat convexity, conditional coercivity, reverse-
heat-flow transport, uniform spectral gaps, or a free-energy decomposition; representative works include
[GLWZ22, Wan24, CNZ24, Mon24, BBD25]. These theories typically require global control of the
interaction field, an L° bound for its Hessian, or a worst-case influence matrix. The logarithmic kernel
presents two distinct obstructions: its gradient and Hessian diverge at collisions, while at every nonzero
separation its Hessian has one positive and one negative eigenvalue. Thus, the interaction is neither
convex nor concave even off the collision set.

Singular one-dimensional systems admit a different mechanism. Chafai-Lehec [CL20] and my work with
Serfaty [RS25] exploit ordering, convexity on a Weyl chamber, and one-dimensional transport or rigidity.
In the plane, particles can pass around one another without crossing the collision set, so there is no
analogous global chamber decomposition.

The closest dynamical antecedents are the planar Coulomb works of Bolley-Chafai-Fontbona [BCF18]
and Lu-Mattingly [LM20]. The former study the overdamped dynamics and prove fixed-N functional
and ergodic estimates. The latter write down the overdamped system, identify the potential energy as
its natural Lyapunov function, and develop the collision-sensitive force estimates in the kinetic setting.
These results make the following qualitative statement essentially part of the existing Lyapunov folklore,
even though the exact formulation does not seem to have been written down explicitly in the literature.

Proposition 2.1 (Fixed particle number LSI). For every fited N > 2 and 3 > 0, the measure Py g in
(1.2) satisfies a logarithmic Sobolev inequality on Dy g. The constant may depend arbitrarily badly on

(N, B).

We make no novelty claim for Proposition 2.1. Bolley—Chafai-Fontbona explicitly point to the local-to-
global Lyapunov route and the collision-domain difficulty [BCF 18, Section 1.4.5]; the abstract mechanism
is developed in [CG14, CGWW09, CG17]. Here is a sketch of the proof.

Finiteness and capacity at collisions. Here, capacity means the variational 1-capacity associated with
the weighted Dirichlet form and its form norm; see [FOT11, Section 2.1]. Fix i < j, set o := /N, and
choose a smooth function x equal to one on [0, 1] and zero on [2,00). For w;;.(Z) := x(|z: — z;j|/¢), the
cutoff equals one near the collision divisor and satisfies |Vu;;.|? < Ce™2. Writing w = 2; — z; € R?, the
Gibbs density contributes the factor |w|®, while polar coordinates contribute the Jacobian r dr df. The
remaining variables have an e-independent integrable majorant, owing to the Gaussian confinement.
Therefore, ,

€

Enpluije) < 06_2/ rotldr < Ce® — 0.

£

Likewise,

2e
/(CN \uij@\QdIP’N,g < C/O rotldr < 2 — 0.
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2D Coulomb gas at diffusive temperature scale Part I. perturbative proof

Thus, every collision divisor has zero weighted capacity. Since the full collision set is a finite union of
these divisors, it also has zero capacity. Equivalently, cutoffs vanishing near the full collision set converge
to one in the form norm, which proves the second equality in (1.9).

Lyapunov coercivity. Let

L=A—-VHy- V. (2.1)
On Qp, if W = e~ with 0 < a < 3, then
LW
W =aAHy —a(B —a)|VHN|% (2.2)

Because — log|z| is harmonic away from the origin,
AHy =2N on (. (2.3)

The singular Coulomb forces remain collectively large as a bounded configuration approaches the collision
set, despite possible cancellations among individual pair forces. Together with quadratic confinement
at infinity, this makes the energy gradient coercive outside a compact subset of the collision-free
configuration space. The simpler identity

N -1

Z -VHN(Z) = |Z|* - 5 (2.4)
shows the tail mechanism directly: for ®(Z) = |Z|?/2,
N-1
LD :2N—6\Z\2+’B(2). (2.5)

This radial Lyapunov function does not control collisions by itself, which is why the singular force
estimate is still needed.

From local to global. The region where the Lyapunov drift is not coercive is compactly contained in
Qn. On a connected neighborhood of that compact set, the density is smooth and bounded above and
below, so ordinary local Poincaré and Sobolev inequalities apply. The local-to-global argument yields a
defective logarithmic Sobolev inequality and a fixed-N Poincaré inequality; Rothaus tightening then
gives the stated LSI.

We emphasize that every constant in the preceding argument may depend on the ambient dimension
2N, the number of collision divisors, the compact set on which local coercivity is invoked, and the
Lyapunov threshold. Thus, the uniform LSI we will show should not be viewed as an optimization of
Proposition 2.1. Rather, it requires a new approach in which the particle-number dependence cancels
explicitly.

3 Conditional weighted inequalities and labeled fluctuations

The logarithmic interaction has an important structural property: after conditioning on all but one
particle, or all but one pair, the remaining density is a Gaussian multiplied by positive powers of
distances to finitely many points or affine subspaces. The number of factors grows with N, but, since
B is held fixed as N — oo, their exponents add to a quantity of order one. Up to this point, only the
logarithmic form of the interaction has been used and not the fact that we are in a planar setting. The
latter enters later through the circle estimate, complex analysis, and the two-dimensional weighted
theory discussed in Section 6.
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2D Coulomb gas at diffusive temperature scale Part I. perturbative proof

Condition first on Z_; := (2;) ;. The one-site conditional law is

APy(z | Z_;) o e PR T |2 — 2PN de, (3.1)
J#i

whose distance factors have total exponent

Q= Z% = LWN_ DY (3.2)
i#i

Here and below, the total exponent means the sum of the powers appearing in a product of distance

factors. In the sequel, we will refer to the e-regularization of a factor |£|%, meaning its replacement by
(|€]2 + £2)2/2 with £ > 0.

3.1 A brief weighted-analysis interlude

To turn the preceding observation into a functional inequality, we use the Muckenhoupt classes. Let
1 < p < 0. A locally integrable weight w satisfying 0 < w < oo a.e. on R? belongs to A,(R?) if and

e (L L VY )”_1
[w]a, = Slé <|B‘/dew> (’B‘/Bw dx < 00, (3.3)

where the supremum is over Euclidean balls (equivalently, cubes). We also set

Ao = U Ap. (3.4)

1<p<oo

only if

Muckenhoupt introduced these classes in [Muc72]; see Grafakos [Gral4d, Chapter 9] for a modern
treatment.

The conditional weighted estimates used in Part I are based on the class As; that is, we use p = 2. The
model criterion
z|* € A,RY) = —d<a<dp-1) (3.5)

shows in particular that
27 € Ay(R?) — —2<qg<2. (3.6)

At the upper endpoint, the reciprocal weight ceases to be locally integrable. The weighted Poincaré and
Sobolev inequalities of Fabes—Kenig—Serapioni [FKS82] then convert quantitative Ay control into local
coercivity for the corresponding degenerate elliptic form. Part IT will use the smaller geometric class of
strong A weights, which should not be confused with the union in (3.4); see David-Semmes [DS90].

For the conditional measure (3.1), the ambient Ay estimate is combined with a radial reciprocal-weight
bound, a Gaussian Hardy estimate, and a super-Poincaré globalization. The stricter radial threshold is
¢1 < 1, and this gives the following uniform statement.

Proposition 3.1 (Uniform one-site conditional LSI). Let 0 < 8 < 1. There is p1(f) > 0, independent
of N, the index i, and the conditioned positions Z_;, such that

2
p1(B)

for every h in the conditional Dirichlet-form domain.

Entp, (|7 ,)(h?) < / IVh|?dP;(- | Z_;) (3.7)
C
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2D Coulomb gas at diffusive temperature scale Part I. perturbative proof

3.2 One moving pair

The first, perturbative proof also uses a two-particle conditional inequality. To formulate it, fix distinct
indices ¢ and j and condition on all remaining coordinates. Given

Z5 = (2 )kt {i g (3.8)
the two-particle conditional law is
dP;;(z, w | ij) x 6_5(|Z|2+‘w‘2)/2\z —w|PN H |2 — 21N w — 2PN dz dw. (3.9)
k#i,5

As a weight on R* ~ C?, its distance factors vanish on affine subspaces of real codimension two. Their
total exponent is
B B(2N —3)
=2 (1 +2(N-2)=22 "2
42 N( +2( ) N
Proposition 3.2 (Uniform two-particle conditional LSI). Let 0 < < 1/2. There is p2(8) > 0,
independent of N, the pair (i,7), and Zz‘Aj’ such that

< 28. (3.10)

2
Entp. (17 (h%) <
P”('Zw)( )< p2(B)

The same estimate holds after this e-regularization, with the same constant uniformly in € > 0.

/@(!VJL\Q T V) dBy (- | Z5). (3.11)

The fixed-dimensional Gaussian affine-subspace theorem applies when the total exponent is bounded
strictly below one. Since go < 2/, this gives the uniform margin § < 1/2 used in the first proof.

A more economical reduction will be needed for the later improvement to 5 < 1. Introduce the orthogonal
pair coordinates

Zi + zj Zi — zj
Cij = #, Ui5 = Z\/Q ]. (3.12)
Condition further on ¢;; and Z-, and write ¢ = ¢;; and u = u;;. If
ij
c
Ap = — — zp, k#1,7, 3.13
BT 5T #1i,] (3.13)
then )
U
(zi — 21)(2j — 2) = A} — EL zi— zj = V2u. (3.14)
The conditional law of u is therefore proportional to
B/N
2 2 2 u2
e Plul/2 1y, H Ay — — du. (3.15)
- 2
k#i,j

Each quadratic factor has the two roots u = +v/2 A;. Thus, together with the root at zero, the
conditional weight contains 2N — 3 linear distance factors, each with exponent §/N; their total exponent

is ¢a.
Proposition 3.3 (Uniform relative-coordinate Poincaré inequality). Let 0 < § < 1. There is Cye1(8) <
00, independent of N, the pair (i,7), the conditioned center c;;, and Z{}’ such that

Varpa (h) < Cra(6) / VA2 AP, (3.16)
ij C
The estimate is also uniform in € > 0 after this reqularization.

Here, the planar As threshold is g2 < 2. Since ¢ < 23, a uniform margin remains for every 5 <
1. Proposition 3.2 is the simpler estimate used in Theorem 1.1; Proposition 3.3 is one of the two
improvements used later.

8 of 26



2D Coulomb gas at diffusive temperature scale Part I. perturbative proof

One moving particle One moving pair
[ ]
° b e °

° /
. ‘ |
z ' C /
e 7

[ ] N [ ]

[ )
[ ]
condition on Z_;; integrate in z condition on ¢ and ij; integrate in u

total exponent ¢; < 8 total exponent g3 < 23; u — —u exchanges labels

Figure 1: The two conditional reductions. Gray particles are held fixed; each panel leaves one complex
integration variable.

3.3 Why labels matter

Let S denote averaging over the permutation group:

SH(Z) = 55 Z f(z Zo(N))- (3.17)

N cESN

Because the Gibbs measure is exchangeable, S is the orthogonal projection in L?(IP ~,3) onto permutation-
invariant observables. The variance therefore decomposes as

Varpy ,(f) = Vaty ,(SF) + |1 = Sf3aey - (3.18)

If f(Z) = p(z1), then

Z\H

N
>l F-5f=pla) - Y ez, (3.19)

In this example, the symmetric component Sf is an empirical linear statistic, whereas the orthogonal
component f —Sf retains the information that the original observable was attached to label 1. In the
more extreme example

f(Z2) = p(z1) — p(22), (3.20)
one has Sf = 0: the observable is invisible to the empirical measure.

This distinction is why the full labeled theorem is stronger than an inequality for symmetric observables.
The two components in the variance decomposition (3.18) will be controlled by different arguments.
Entropy, by contrast, has no corresponding orthogonal decomposition, so the defective logarithmic
Sobolev inequality in Section 5 must be proved directly for arbitrary labeled densities.

4 The uniform Poincaré inequality

The variance decomposition in (3.18) now dictates the proof. We first control the permutation-invariant
component by combining the integrated Bochner identity with a conditional weighted Wirtinger inequality.
We then control the label-dependent component using the spectral-gap inequality for the random-
transposition walk together with the two-particle conditional Poincaré inequality.
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2D Coulomb gas at diffusive temperature scale Part I. perturbative proof

Proposition 4.1 (Uniform Poincaré inequality in the Bochner range). For every 0 < < g, there is
Cp(B) < oo, independent of N, such that

Varzy ,(f) < Cp(8) [ IVfPdBys. S €Dy (4.1)

4.1 Permutation-invariant fluctuations

The singular calculation is first justified for the regularized kernel

1
g-(x) := —3 log(|z|? + &2). (4.2)
Let 1 1
Hne(Z) = §Z|zi|2—l—NZg5(zi—zj), dPy 5 x e PHNedz, (4.3)
i i<j
and set
Le:=A—FVHy,-V. (4.4)

This is the regularized analogue of the reversible generator £ in (2.1); the subscript indicates the kernel
regularization.

The standard integrated Bochner, or integrated I'e, identity for a reversible gradient diffusion (cf. [BGL14,
Chapter 3]) gives

Jiear?aes s = [1D* ks dPis + 5 [ 197 aPi

p
+ X [(Vif = Vi) D2t — 2)(Vif — Vi) AP (15)
i<j
The last line is the contribution of the pair-interaction block of the real Hessian; its quadratic form on

the two coordinate gradients reduces to the kernel-Hessian quadratic form on their difference.

Fix a pair and write u = u;;. Direct differentiation gives

I 2zxT
D2 — _ . 4.6
B0 = ppre T wEr e (4.6)
Its least eigenvalue at = v/2u is
1

S 4.7
2|ul? 4 €2 (47)

Since V;f =V, f = V2V, f, the corresponding quadratic form satisfies

2|VufP? Vufl?

(Vif = V30 D2l = 2)(Vif = V) 2 ool s [VulE (18)

_2\u\2+52 - |u|?

Suppose now that f is permutation invariant. Condition on the pair center ¢;;, the radius |u;;|, and all
positions zx with k ¢ {i,j}. Exchanging ¢ and j sends u to —u. Hence, if G(u) := V, f, then

G(T‘ei(9+”)) = —G(rew). (4.9)

In other words, the angular function is w-antiperiodic.
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2D Coulomb gas at diffusive temperature scale Part I. perturbative proof

At fixed ¢, |uij| = r, and Zz‘Aj’ both the Gaussian term e~?u/*/2 and the regularized i—j interaction
term (2|u|? +&2)%/N) are independent of the angular variable §. Each remaining particle z contributes
the two regularized distance factors
2 B/(2N)
Ap — —| 42 (4.10)

u |2 B/(2N)
Ap+—| +¢&°
(‘ SRV
Restricted to |u| = r, the factors in (4.10) are the regularized counterparts of the two linear factors in
(3.14). Set b := r/+/2. Their product over the remaining particles gives the m-periodic angular weight

12 12 B/(2N)
w(f) :== H K‘Ak +be|” + 52> (’Ak — b + 52)] . (4.11)
k¢{i,j}
If h is m-antiperiodic, then 2h(0) = — 99+7r h'(s)ds, while w=! and |h/|?w are 7-periodic. Weighted

Cauchy—Schwarz on the half-circle, followed by multiplication by w(f#) and integration, therefore gives
the calculation behind the desired estimate:

/027T |h|2w < % </O27r w> (/02Tr w_l) /027r W |Pw. (4.12)

It remains to estimate the two weight integrals. For N = 2, one has w = 1 and (4.16) below is immediate.
Suppose henceforth that N > 3. For each k ¢ {i,j}, write A = |A|e'®*, with ¢, arbitrary when
Ay = 0. Since 2b|Ag| < |Ag|? + b < |Ag|? + b* + €2, normalizing its paired factor gives

9) = [(‘Ak + bei9|2 + 52)(|Ak _ bei9|2 + 62)]1/2
o 0V | (4.13)
2= 2014 2 .
pk(g) =1- W COS (0 - ¢k)7 |Sln(0 — ¢k)| < pk(@) <1.

The reciprocal exponent generated by the N — 2 normalized pairs is ¢ := S(N — 2)/N < . Since (4.12)

is homogeneous under w +— cw, we may replace w there by Hk¢{i7]~} pg/N. From (4.13) and sins > 2s/w
for 0 < s <m/2,

2w q 2w 21t
1< sin (0 — 1< . 4.14
| et [ s - s < 7 (414)

Moreover, p; < 1 gives fo% w < 27, while Holder’s inequality with N — 2 equal exponents gives

27 2 1/(N-2)
wt< ] (/ p;;q> < 27T7

0 ki) O 1-q (4.15)

() () =33

The bound is uniform in N, r > 0, € > 0, and the conditioned positions whenever 0 < 8 < 1. Combining
(4.12) and (4.15), we obtain

7I.2

4(1-pB)

The argument applies componentwise to Euclidean-valued h. This is the special circle estimate needed
here. For the general As-weighted Poincaré framework, see [FKS82, Section 1]; the explicit circle

[ @040 < Cans) [ RO PwO)@0, ) = (4.16)
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2D Coulomb gas at diffusive temperature scale Part I. perturbative proof

constant above follows from the preceding elementary argument. Since differentiation along the circle
gives

100G < |ul*||DF fIss, (4.17)
one obtains, after integrating over the conditioned variables,

2

s By < Cose(5) [ 1050, 1R 4P (118)
ij

Here, D'Zijuij f denotes the real 2 x 2 Hessian in the relative coordinate w;;, with the pair center and all
other coordinates held fixed.

The final algebraic identity sums these pairwise estimates without losing a factor of N. If

€i— €& N
Q5 1= eRY, 4.19
j 73 (4.19)
then N ) N
T T
ol == (11— = < =T .
Zaw% 5 (I 11 )_ 5! (4.20)
1<)
Consequently,
N
D D% Flifis < S ID*FIIE (4.21)
1<j
Inserting (4.8), (4.18), and (4.21) into (4.5) yields
g
[P ass = (1= 5Can(®) [ 1D s dPivs + 6 [ 1957 a5 (4.22)

for permutation-invariant f.

With the choice of Ceirc(8) in (4.16), the displayed Hessian coefficient is nonnegative precisely when

B 2 8
- <1 < < =
241 -38) — ﬁ_7r2—|—8
At equality, the Hessian coefficient may vanish, but the positive gradient term remains. Spectral calculus
for the nonnegative operator —L. therefore gives

6i:3 (4.23)

1
Varpﬁvﬁ(f ) < 3 / ik dPy 5 for permutation-invariant f. (4.24)

This is the sole source of the numerical constant in Theorem 1.1.

The estimate is uniform in . For fixed N, the regularized densities converge to the singular Gibbs density
with Gaussian—polynomial domination on every smooth collision-free test function. The zero-capacity
identification in (1.9) shows that these test functions form a common core whose closure for the singular
form is Dy g. Lower semicontinuity therefore gives

1
Varp, ,(f) < 3 / IVf|?dPy s for permutation-invariant f. (4.25)
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2D Coulomb gas at diffusive temperature scale Part I. perturbative proof

4.2 Label-dependent fluctuations

Let 7;; exchange labels ¢ and j. The exact spectral gap of the random-transposition walk gives the
inequality [DS81]

1
I = SFIB < 5o SoIF = ol (426)
1<j
Fix a pair (4, j) and condition on all coordinates in ij' The two-particle conditional law (3.9) is invariant

under exchanging z; and z;. Thus, f and fo7;; have the same conditional law. Using (a— b)? < 2a?+2b,
we obtain

E[(f - fomy)?| Z] < 2B

(f - Eu»ij(.|z;j)[f])2 + (f °Tij ~ E““’U("Z?j)[f])Q Zij]

= 4 Varp, (|7 (f)-

(4.27)

The last equality again uses transposition invariance: the two centered terms have the same conditional
second moment. The logarithmic Sobolev inequality in Proposition 3.2 implies the corresponding
conditional Poincaré inequality. After averaging over ZZ.A]., we obtain

4
IF = £ omgllf < o [(VifI? + V51 B (1.25)
Since
STUVifP+ Vi f?) = (N - 1)|VFI% (4.29)
1<j

combining (4.26) and (4.28) gives
2 2 2
If =513 < o [ IV71 P (4.30)

Thus, the factor N~! from the random-transposition gap cancels the order-N multiplicity with which
each coordinate gradient appears. This is the quantitative reason that retaining labels does not introduce
an N-dependent slow mode.

Combining (4.25), (4.30), and (3.18) yields Proposition 4.1, with the admissible bound

(4.31)

5 A defective logarithmic Sobolev inequality

The Poincaré argument exploits an orthogonal decomposition into permutation-invariant and label-
dependent components. That decomposition does not by itself yield the entropy estimate needed here,
so we work directly with an arbitrary labeled density. After recentering the canonical ensemble at its
thermal equilibrium, the one-site logarithmic Sobolev inequality can be summed using a conditional
entropy estimate, while a repulsive partition bound prevents the resulting zero-order defect from growing
with N.

The final passage from this defective inequality and the Poincaré estimate of Section 4 to a genuine LSI is
the classical Rothaus argument. This strategy appears in many later Lyapunov, multiscale, metastable,
and mean-field developments; see, for example, [CGWWO09, BGL14, MS14, Wan24].
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2D Coulomb gas at diffusive temperature scale Part I. perturbative proof

5.1 Recentering at thermal equilibrium

For this subsection, write X = (z1,...,zy) and let

1 N
= N;‘Sﬂ“' (5.1)

For an absolutely continuous probability measure p = p dx, the mean-field free energy is

/\a?IQdu 3 /gw— ) dp(x) duly /plogp da. (5.2)

This is the standard thermal-equilibrium functional for the confined Coulomb gas; see, for example,
Serfaty [Ser24|. It has a unique smooth positive minimizer pg = pg dz. Put

Ug:=grpug,  cg:= //g(:v —y) dps(z) dug(y)- (5-3)
The Euler-Lagrange equation is

log pg(x) = —f <|x!2 + Us(z )) + constant. (5.4)

For a reference probability measure u, define the off-diagonal modulated energy

(o) =g [ () dla )@ Ay = )0 (55)

where A := {(z,z) : € C} and the empirical self-interactions are omitted. Expanding this definition at
W= g gives

NFN (XN, pg) = Zg ZUﬁ i) *Cﬂ (5.6)
%#J

For t > 0, define the modulated partition function and modulated Gibbs measure by
Knvo(us) = E,on [e*tNFMXNvMB)} : (5.7)
dQu (1) (XN) = K (ug)~te NENEN0) quaN (X ). (5.8)

Combining (5.6) with the Euler-Lagrange relation (5.4) gives

Py = Qn,s(1s). (5.9)

This is the thermal-equilibrium splitting formula in Serfaty’s terminology; see [Ser24, Chapter 5, § 5.1.2,
Lemma 5.2, and equations (5.1.9)—(5.1.14)].

5.2 Conditional entropy factorization

For probability measures Q < P, denote the relative entropy by
H(Q|P) /log( > (5.10)
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2D Coulomb gas at diffusive temperature scale Part I. perturbative proof

with the usual 400 convention for singular measures. Let Q < Py g be an arbitrary law. For each i,
write
X = (T1,. ., Ti—1,Tig1,-- -, TN) (5.11)

for the configuration with the ith coordinate removed. Denote the corresponding one-site conditional
laws by Q;(- | X_;) and P;(- | X_;), and denote by Q_; the marginal of Q on the remaining N — 1
coordinates. Set

N
IN(Q) =) EQ[H(Qil- | X=i) | Pi(- | X—4))] (5.12)
i=1

and

1 N
Bng(XnN) :== NFn(Xn, pg) + ¥ > Ugli). (5.13)
=1

Proposition 5.1 (Conditional entropy inequality with an additive defect). For every A > 1,

1
IN(Q) > (1 - A) H(Q|Png) —Dga, (5.14)
where .
D5 = sup |log K(g) + 5 log ey, [e 974 (5.15)
N>2 +
Moreover,
D\ < 00. (5.16)

Here is the calculation behind (5.14). The conditional density is given by

dP;(- | X_; —BPi(zX ) 1

AP X)) ¢ L (X)) == gz —a) —Us(z).  (5.17)
dug / e~ BPi(w; X ) dpp(w) N i

C

Summing the chain rule for relative entropy over the coordinates, and then applying the relative-entropy
form of the Han—Shearer inequality [Han78], gives

EEQ [(H(Qi(- | X—i) | pp)]

N
= NH(Q u5™) = Y M@ [ 15" ) 2 HQ | 5. (5.18)
=1

Expanding each conditional entropy relative to the tilted law (5.17) and using Jensen’s lower bound for
its normalizing constant therefore produces the additional quantity

g; (CIJi(xi; X ) - /cpi(z;x,i) dﬂﬁ(z)> — ONFy (X, ps) + % f; Us(). (5.19)
On the other hand, the exact modulated identity gives
H(Q|Pyg) = H(Q| pi™) + BEQINFN (XN, 1p)] + log Ky g(1p). (5.20)
Combining (5.18)—(5.20) gives
IN(Q) = H(Q | Pnp) + BEQ[Bn,g] — log K g(1s). (5.21)
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2D Coulomb gas at diffusive temperature scale Part I. perturbative proof

The Donsker—Varadhan lemma then gives
1 1
BEq[Bysl 2 =1 H(Q[Prg) — 1

Combining (5.21) and (5.22), and then bounding the resulting bracket by ®g x through (5.15), proves
(5.14). The positive part in (5.15) merely makes the defect explicitly nonnegative.

10g }EPNYE |:6_>\BBN‘ﬁ:| . (522)

The required static estimate is the repulsive logarithmic partition bound

sup Kn(pg) < oo for every fixed ¢t > 0. (5.23)
N>2

To see why this controls the supremum in (5.15), one uses the exact modulated identity and Cauchy—
Schwarz to obtain

N/2
Epy, [eﬂﬁBm} < K s (1) Koy (1) 2 (/ o~ (2X8/N)Us duB) _ (5.24)

Concavity of z — 22/ bounds the last factor by a fixed one-body moment. The Gaussian-polynomial
tails of pg make that moment finite. Jensen’s inequality gives a uniform lower bound for Ky g(ug),
while (5.23) controls the upper partition factor. This proves (5.16).

The estimate (5.23) is implied by the repulsive logarithmic estimate of Delgadino-Gvalani [DG25], after
matching the off-diagonal normalization. Earlier logarithmic equilibrium estimates on the torus and
bounded planar domains appear in Grotto-Romito [GR20]. In forthcoming work with Delgadino and
Gvalani [DGR], the corresponding O(1) bound is proved throughout the Hilbert—Schmidt Riesz range
s < d/2. See also the earlier work of Duerinckx—Jabin [DJ26, Theorem 2.1(i)], which proves a similar
uniform partition estimate for square-integrable periodic interactions under a small-3 hypothesis.

The partition estimate is not, by itself, a logarithmic Sobolev inequality. Its role is specific: it keeps the
entropy defect in (5.14) of order one rather than order N.

5.3 From conditional entropy to a defective LSI

Normalize

Ep, ,[f] =1 (5.25)
and set dQ = f? dPy . Apply Proposition 3.1 to each conditional law and then integrate over the
conditioned coordinates X _;. This gives

2
Iw(Q) < —= [ VIR dPy s, 5.26
V@ <~ [ 9fP s (5.20
Taking A = 2 in (5.14) gives
1
yN(Q) > §EDtPN7ﬁ(f2) — @5, @3 = @572. (5.27)

Combining (5.26) and (5.27) gives the result under the normalization (5.25). For a general nonzero f,
apply this result to f/,/ Epy. B[ f?]. Since entropy and the Dirichlet energy both scale quadratically, we

obtain the following defective logarithmic Sobolev inequality directly for the Coulomb measure, without
truncating its logarithmic singularity:

4
Entp, ,(f?) < pl(ﬂ)/‘Vde]P)N’g +203Ep, ,[f?]- (5.28)

The final term on the right is the defect: a genuine logarithmic Sobolev inequality would contain only
the Dirichlet-energy term. In the next subsection, the Poincaré inequality and Rothaus’s centering
argument remove this defect. Every constant in (5.28) is independent of N. This argument is valid
throughout 0 < 8 < 1, substantially beyond the initial Bochner range.

16 of 26



2D Coulomb gas at diffusive temperature scale Part I. perturbative proof

5.4 Rothaus tightening

Rothaus’s centering inequality [Rot85] states that

Entp(f?) < Entp((f — Ep[f])?) + 2 Varp(f). (5.29)
Consequently, if
Entp(f2) < A [ [Vf*dP + BEz(f?) (5.30)
and
Varp(f) < C’p/|Vf|2dIP>, (5.31)
then
Entp(f2) < [A+ (B +2)Cp] / V7|2 dP. (5.32)
For the present measure,
4 1 2
A=y BT Orspt LGy (5:33)
We obtain A 1 5
2 = L c 2
Ent]pNﬂ(f ) < ,01(5) + (2@5 + 2) (5 + P2(5)>:| /‘Vﬂ dPNﬁ. (5.34)
Thus, one admissible rate in the convention (1.6) is
p : (53)
G | 2\’ -
= D et
p1(B) (205 +2) (5 " 02(5)>

which is clearly finite for fixed 5 in the stated range and independent of N. We do not expect the bound
to be sharp.

6 Beyond the Bochner threshold

The entropy argument already works for every < 1, so the first obstruction lies entirely in the
Poincaré estimate. It turns out that the Bochner calculation for permutation-invariant observables can
be replaced by a weighted O estimate, while the full two-particle conditional LSI can be replaced by the
relative-coordinate Poincaré inequality of Proposition 3.3. These two changes extend the perturbative
theorem to the whole range 0 < 5 < 1.

6.1 Weighted 0 and the range 0 < § < 1

The weighted theorem controls only the component of a function orthogonal to the weighted holomorphic
subspace, whereas a Poincaré inequality must control the entire centered function. For a centered, real,
permutation-invariant function, permutation and common-phase symmetries show that the holomorphic
projection is no larger than the orthogonal remainder. The weighted estimate therefore controls the
whole function and yields a Poincaré inequality. In one complex variable z = x + iy,

A 5f'—§:5'fd‘4 (6.1)
=5\ op Zay- , = 2 j Zj. .
J J j=1
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2D Coulomb gas at diffusive temperature scale Part I. perturbative proof

This is the (0,1) part of the exterior derivative, usually called the Dolbeault or dbar operator. By a
weighted Dolbeault argument we mean an estimate for the minimal-norm solution of du = df, where
the norm is taken in L?(Py g).

Weighted L? estimates for the d equation originate in the work of Hérmander and Andreotti—Vesentini
[Hor65, AV65]. We use the geometric formulation in Demailly [Dem12, Chapter VIII, Section 6, Theorem
6.5]. Its significance here is that a positive lower bound on the complex Hessian of a weight yields
a quantitative solution of the @ equation. Subtracting that solution from f produces the closest
weighted-holomorphic function.

Write
j—1
An(Z) =Tl =),  |AN(Z)] = |det(z] )|, (6.2)
1<j
Up to an irrelevant sign, Ay is the Vandermonde determinant. Recall from (1.7) that Qp is the collision
complement, the set of pairwise distinct configurations. On Qy,

dPy 5 x e~ ®N5 dZ, dyp(Z) = 212\2 - %log AN (2)]. (6.3)
Because A is holomorphic and nonzero on 2y, log |An| is pluriharmonic: locally it is the real part
of a holomorphic function, equivalently 900log|Ax| = 0. Hence, the matrix of mixed complex second
derivatives of ®y g (its complex Hessian, also called the Levi form) comes entirely from the quadratic

confinement:
00PN 5 = gl. (6.4)

Thus, the singular interaction contributes no complex curvature away from collisions; the positive
curvature used in the weighted 9 estimate is supplied entirely by the quadratic confinement. The
function |Z|? 4+ |An(Z)|~? is a smooth strictly plurisubharmonic exhaustion of Qy: it tends to +oco both
at spatial infinity and as a collision is approached. Following Demailly, an exhaustion is a function whose
strict sublevel sets are relatively compact. A complex manifold admitting a smooth plurisubharmonic
exhaustion is called weakly pseudoconvex; see [Dem12, Chapter I, Definitions 6.12 and 6.13(a); Chapter
VIII, Definition 5.1]. Thus, Qu lies in the geometric setting of Demailly’s weighted L? theorem.

Define the weighted holomorphic space
A?V,B :={h € L*(Py;C) : Oh = 0 distributionally on Qx}, (6.5)

and let Qn g be the orthogonal projection onto this closed subspace. Thus, Qn gf is the best LQ(IP)NWB)
approximation to f among functions holomorphic on the collision complement. Demailly’s estimate,
applied to the (N, 1)-form

dzy A--- A dzy A O, (6.6)
gives
2 L
If = Qupfllzoen ) < 5 2 193 12er - (6.7)
j=1

For real f, the right-hand side is (23)~! [ |V f|2 dPy s.

The preceding estimate controls distance to A?V 3, not directly to the constants. Two additional
observations turn it into a Poincaré inequality for permutation-invariant functions.

First, a permutation-invariant element of A?\,y 5 has no collision poles when 3 /N < 2. To see this, consider
a point of the collision hypersurface z; = z; at which no other pair collides, and use the transverse
coordinate y = (z; — 2;)/ V2. Local weighted square-integrability permits at most a simple pole in y.
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The transposition (ij) sends y to —y, whereas a permutation-invariant function is even, so the possible
y~! coefficient vanishes. After extending across all points at which exactly one pair collides, the only
possible singularities lie where at least two distinct collision hypersurfaces meet, a complex analytic set
of codimension at least two. Hartogs extension, applied locally as in [Dem12, Chapter I, Theorem 3.28],
removes these residual singularities. The function therefore extends to an entire function on CV.

Second, common-phase invariance of the Gibbs law gives the bilinear identity

. F(Z)G(2)dPyg(Z) = F(0)G(0) (6.8)
for entire F, G with integrable product. Indeed, average the integral under Z — ¢ Z and expand F and
G into homogeneous Taylor series. Only total holomorphic degree zero remains.

Assume /N < 2. The point of (6.8) is to compare the holomorphic component of f with the orthogonal
remainder controlled by (6.7). Let f be centered, real, and permutation invariant, and write h := QN gf
and u := f — h. Then, u is orthogonal to A%V,B' Since the projection commutes with permutation
averaging, h is permutation invariant, and the preceding pole-removal argument makes it entire. We
shall prove that ||h|l2 < ||ul|2, which is precisely the comparison needed to obtain a Poincaré inequality
from (6.7).

Because constants belong to A?Vﬂ, orthogonality gives [udPyg = 0. Since f is centered, h also
has mean zero. Moreover, h? € L}(Py ). Applying (6.8) first with (F,G) = (h,1) and then with
(F,G) = (h,h) gives

/hdpw = h(0) =0, /h2 dPy 5 = h(0)* = 0. (6.9)

Using f = h+ u, u L h, the reality of f, and (6.9), we obtain

I = | [ 7By s| =| [ uhdBrs| < fula|pl (6.10)

Thus, ||h||2 < ||u||l2- Since f is centered, orthogonality and (6.7) now give
\ = ||hl3 2oz < L [|viap 6.11
arpy,, (f) = [1Pllz + Jlullz < 2lullz < 5 [ VA" dPws. (6.11)

Thus, this permutation-invariant Poincaré estimate is available for every fixed § > 0: for N large
enough, one has /N < 2, and the finitely many remaining values of N are covered by Proposition 2.1.
For 0 < 8 < 1, Proposition 3.3, applied conditionally in w;;, replaces the two-particle LSI in the
random-transposition argument and controls the label-dependent part. Proposition 3.1 continues to
supply the entropy estimate. These two refinements close the full argument for every

0<pB<L (6.12)

0 < B < 8/(w? + 8): the pair-circle Bochner estimate controls symmetric fluctuations

first improvement
Y

0 < B8 < 1: weighted 0 and the relative-coordinate Poincaré inequality

all-exponent planar geometry

Y

Every fixed 8 > 0: Part II replaces the remaining small-exponent conditional estimates
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The weighted Dolbeault estimate will play an important role in the all-temperature proof. What Part 11
replaces are the one-site logarithmic Sobolev inequality and the relative-coordinate Poincaré inequality
when the total exponent is no longer small.

6.2 Where the plane enters

Exponentiating a logarithmic interaction always produces products of distance powers, so that feature
alone is not uniquely two-dimensional. The planar structure enters in the way we exploit those products.

First, for a moving pair in the plane, the relative coordinate is one complex scalar. At fixed radius,
its angular variable lies on a circle, and the Bochner estimate uses a weighted Wirtinger inequality
for a m-antiperiodic function on that circle. Higher-dimensional Ay theory exists, but the scalar
factorization and the exact circle argument do not survive unchanged when the angular variable lies on
a higher-dimensional sphere.

Second, the collision factor is the modulus of the holomorphic Vandermonde polynomial. Away from
collisions, log |Ay| is pluriharmonic and therefore contributes nothing to the Levi curvature in the
weighted dbar estimate. In higher real dimension, even after choosing a complex structure, the logarithm
of the Euclidean norm is not pluriharmonic away from the origin and the pair interaction is not the
modulus of a scalar holomorphic linear factor. The holomorphic rigidity argument has no direct analogue.

Finally, the all-temperature conditional theorem described in Part IT uses quasiconformal and strong- A,
geometry, together with weak-L? control of the logarithmic field and the Ladyzhenskaya inequality.
These are again specifically two-dimensional. For nonlogarithmic Riesz interactions, there is an earlier
obstruction: exponentiating the interaction no longer produces algebraic distance factors at all.

Remark 6.1 (Perturbative extensions beyond the plane). The preceding limitations concern the
particular planar approach developed here, not the perturbative regime itself. Related perturbative
arguments also give N -uniform logarithmic Sobolev inequalities at sufficiently small 8 for higher-
dimensional Coulomb gases and for a range of non-Coulomb Riesz interactions at the same diffusive
temperature scale. We do not pursue these extensions here, since our ultimate objective is an N -uniform
inequality for every fized § > 0. At present, we have reached this all-temperature regime only for the
planar Coulomb gas, although preliminary calculations for the three-dimensional Coulomb gas suggest
that a similar all-temperature result holds there as well.

6.3 Why the perturbative argument stops

The improvement to 8 < 1 removes the numerical Bochner threshold, but the perturbative method still
reaches structural limits.

Weighted thresholds. For |z|? in the plane, the reciprocal weight ceases to be locally integrable at
g = 2. On the radial one-dimensional slices used for the one-site LSI, the corresponding threshold is
q = 1. Once the conditional total exponent crosses these values, the As proof is no longer available. This
is a failure of the criterion, not evidence that the conditional Poincaré or logarithmic Sobolev inequality
itself fails.

Curvature thresholds. The first permutation-invariant argument required

b o, (6.13)

oaaop) ¢
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The paired circle estimate remains available for 0 < 8 < 1, but its absolute-value Bochner absorption
coeflicient is negative when fg < 8 < 1. Thus, the obstruction beyond Sg is failure of this absorption,
not failure of reciprocal integrability. Independently, the label-dependent part of the first proof uses
the two-particle conditional logarithmic Sobolev inequality, which is available here only for 5 < 1/2.
Pointwise Bakry-Emery curvature cannot repair this because D?(—log|z|) has one positive and one
negative eigenvalue of inverse-square size. One might instead hope that, after integrating the Bochner
identity against the Gibbs law, the positive Hessian term compensates the negative Coulomb-curvature
term separately for each particle pair. This fails for arbitrary labeled observables: for the two-particle
relative test v(r,0) = re=<r cos 0, at f =1 and ¢ = 1/100, the resulting two-particle form has the sign of

36643

—_ . .14
8652800 <0 (6.14)

Thus, the desired pair-by-pair compensation is false for arbitrary labeled observables. Exchanging the
two particle labels sends the relative coordinate u to —u and changes the sign of this test, so the example
does not address permutation-invariant observables, which are unchanged by that exchange. For N > 3,
contributions from different particle pairs may also compensate after summation, a possibility that the
two-particle calculation cannot test.

Finite-block reconstruction. Suppose one proves integrated Bochner estimates after conditioning
on all blocks I C {1,..., N} of a fixed size k and then averages the resulting estimates. A coordinate
belongs to a fraction k/N of the blocks, whereas a pair belongs to a fraction k(k —1)/(N(N —1)). After
normalizing the one-coordinate term to have coefficient one, the pair-Hessian term is multiplied by
k—1
] 6.15
N1 (6.15)
Uniformly good estimates on fixed-size blocks cannot, by positive averaging alone, recover the full
pair-interaction Hessian term in the N-particle Bochner identity: after normalizing the one-coordinate
term, every pair contribution is reduced by the factor (k — 1)/(N — 1), which vanishes for fixed k.

These obstructions identify the two estimates that must be replaced: the one-site logarithmic Sobolev
inequality and the relative-coordinate Poincaré inequality when the total exponent is no longer small.
Part II proves a planar weighted theorem which, when applied to the one-site and relative-coordinate
conditional measures, yields both replacement estimates.

7 Consequences, neighboring models, and the problem behind Part
I1

The most distinctive consequence of Theorem 1.1 is the space on which the inequality holds. It acts on
every labeled observable, not only on functions of the empirical measure. For example, exchangeability
gives Ep, ,[p(21) — ¢(22)] = 0, and the Poincaré consequence of the theorem yields

Epy, | ((21) — p(22))°] < ;Ep V(1) + [Veo(20) ] - (7.1)

For nonconstant ¢, the tagged observable ¢(z1) — ¢(2z2) is not determined by the empirical measure.
Consequently, an inequality restricted to test functions of the empirical measure does not apply to this
observable directly. Dynamically, the same distinction means that entropy decay applies to finite-entropy
initial laws that are not exchangeable, and therefore controls perturbations carrying information in the
particle labels.

21 of 26



2D Coulomb gas at diffusive temperature scale Part I. perturbative proof

The usual consequences now remain uniform as the dimension 2N grows. The physical generator is

hvs 1 1
and the LSI gives
H(ve | Prg) < e 2020 (v | Py g). (7.3)

Thus, the entropic relaxation time does not diverge solely because N increases. This does not imply an
N-independent total-variation mixing time from arbitrary initial data, since the initial entropy may
grow like N or be infinite.

Similarly, for a Lipschitz function ¢ : C — R and

1
Fn(Z) = 5 D (), (7.4)
=1
one has )
Li
VEy2 < RS (75)
N
Herbst’s argument therefore gives the natural order-N concentration exponent
Py s(|Fy — Epy ,[Fn]| > 1) <2 psN1* (7.6)
N.,3 N Py gl I'N]| Z T s z2€exp 2Lip(g0)2 . .

A fixed-N inequality with py 3 — 0 would not retain either (7.3) or (7.6) at these scales.

Uniform finite-particle LSIs are also the natural microscopic coercivity estimate in the modulated
logarithmic Sobolev approach to generation of chaos [RS25]. The equilibrium theorem proved here is not
by itself a complete dynamical propagation-of-chaos result: one must still compare the particle law with
the evolving mean-field reference and control the corresponding modulated entropy production. It does,
however, supply the full labeled equilibrium endpoint rather than only a symmetric or empirical-measure
inequality.

7.1 Why quadratic confinement matters

Our first proof uses four special features of isotropic quadratic confinement. Some individual features
persist under broader assumptions—for example, uniform convexity supplies curvature lower bounds—
but uniform convexity alone does not provide exact center-of-mass factorization, the Gaussian conditional
form, or common-phase symmetry.

1. Exact center-of-mass factorization. Translation invariance of the interaction and orthogonality
of the quadratic form separate a Gaussian center-of-mass factor without loss.

2. Stable conditional form. After freezing particles or a pair center, the remaining law is a
centered Gaussian multiplied by products of distance powers. A general confinement introduces
environment-dependent affine and nonlinear terms.

3. Constant real and complex curvature. The integrated Bochner identity contains the exact
positive term 3 [ |V f|?, while the weighted dbar estimate has the exact Levi lower bound /2.

4. Common-phase symmetry. The transformation Z +— ¢*Z preserves both confinement and
interaction and is used in the holomorphic rigidity argument.
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7.2 A perturbative periodic companion

A parallel perturbative theorem holds on the square torus, although the Poincaré proof changes. Recycling
notation, let Py 5 be the Gibbs measure on (T?)" with g given by the mean-zero Green function

—Ag =2m(dy — 1), /2 g=0, (7.7)
T
and
(WMMXNWX“P};;E:Q%—xﬂ]Mhume (7.8)
it

Let 8p > 0 be the unique positive solution of

V2 .
Bp > (/ |Vg(z)| da:) exp(—ﬁp inf g) =1 (7.9)
T2 T2
Proposition 7.1 (Perturbative periodic companion). For
0 < B <min{2,Bp}, (7.10)

the Gibbs measure Py g satisfies a logarithmic Sobolev inequality with a constant bounded below indepen-
dently of N.

To obtain the one-site conditional inequalities on the torus, one first works in Euclidean coordinate
charts. The local analytic input is the Fabes-Kenig-Serapioni weighted Poincaré inequality: if B C R?
is a ball of radius r, w € Ao, and

Jphwdz
hp = 2B 11
B Jpwdz (7.11)
then
/B |h — hpw|*wde < C’([w]AQ)TQ/B |Vh|*w dz. (7.12)

One also uses the corresponding weighted Sobolev estimate; see [FKS82, Section 1]. A finite coordinate
cover transfers these inequalities to the torus once the conditional weights have a uniform As bound.

The conditional LSI and the partition estimate are then used as in the confined case. What changes is the
spectral-gap argument: the torus has no positive confinement Hessian and no Gaussian center-of-mass
factor, so a Dobrushin—Wu influence contraction [Wu06] replaces the harmonic Bochner estimate. This
comparison separates the parts of the perturbative argument that survive on compact geometry from
those tied to quadratic confinement.

7.3 The problem behind Part II

The perturbative analysis reduces the remaining difficulty to a one-particle statement. Consider
1 2 m m
dv(z) = Ee_ﬂz‘ /2 H |z —y;|% dz, a; > 0, Zaj <Q < . (7.13)
j=1 j=1

The preceding measure models both the law of one particle conditioned on all the others and the law of a
pair’s relative coordinate conditioned on the pair center and all remaining particles. In either application,
the number of distance factors grows with the particle number and their centers may coalesce; only the
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total exponent remains uniformly bounded. The As proof controls (7.13) only while reciprocal-weight
estimates remain available.

The theorem proved in Part II is that, for every v > 0 and every finite @, the measures in (7.13) satisfy
Poincaré and logarithmic Sobolev inequalities with constants depending only on (v, @), uniformly in m,
the locations and multiplicities of the points y;, and their clustering. Its local part uses quasiconformal
Jacobians and strong-A., weights [BL03, Bjo01, DS90]; its global part combines Gaussian confinement
with weak-L? control of the logarithmic field and the Ladyzhenskaya inequality (see, e.g., [FMRTO01,
Chapter I, Section 4, equation (4.8)]).

Once this theorem is inserted into the one-site and relative-coordinate conditionals, the weighted dbar
argument continues to control permutation-invariant fluctuations, while the transposition estimate,
conditional entropy argument, partition bound, and Rothaus tightening remain unchanged. The proof
of that weighted planar theorem and its insertion into the many-particle argument above will be the
subject of Part II.
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